We investigate the effect of nonlinearites on a parametrically excited ordinary differential equation whose linearization exhibits the phenomena of coexistence. The differential equation studied governs the stability era mode of vibration in an unforced conservative two degree of freedom system used to model the free vibrations of a thin elastica. Using perturbation methods, we show that at parameter values corresponding to coexistence, nonlinear terms can cause the origin to become nonlinearly unstable, even though linear stability analysis predicts the origin to be stable. We also investigate the bifurcations associated with this instability.
INTRODUCTION
In this work we look at the foUowing parametrically excited ordinary differential equation (ODE):
(1--~cos2t)Ji+esin2t.i:+cx+eota2=O (1) When o~ := 0, Eq.(1) arises in the study of the dynamics of a thin elastica which was the subject of the Ph.D thesis of Cusumano [1] . Also when c~ = 0, Eq.(1) is a form of Ince's equation and exhibits the phenomena of coexistence [3] . By taking ct > 0, we add a nonlinear spring to the physical model previously studied in [1 ] , [4] , permitting us to investigate the effect of nonlinearities on a system exhibiting coexistence.
We start by reviewing the phenomena of coexistence in Ince's equation. Next, we derive Eq.(l) from a model proposed
For given values of the parameters ~5 and e, either all the solutions of are bounded (stable) or an unbounded solution exists (unstable ) . The curves separating the stable and unstable regions in the ~5-e plane are known as transition curves (see Fig. 1 ). The instability intervals which emanate out of the ~ axis at values ~5 = n 2 for n = 1,2, 3,... arc commonly referred to as resonance tongues
The presence of resonance tongues is a generic feature of differential equations with periodic coefficients. One phenomena that does not occur in Mathieu's equation but which may occur in other differential equations with periodic coefficients is coexistence. The phenomena of coexistence involves the disappearance of resonance tongues that would normally be present.
[u systems that exhibit coexistence, the two transitions curves that would normally define a resonance tongue coincide and the tongue closes up. An example of an equation that may exhibit coexistence is Ince's equation [3] : -2b -8a c -1 6 ' _v t + 2b -8a 0 c -t + ±~ " ,; 3~9,, "'" 6 )
The notation in these determinants can be simplified by setting 
where we have used the symbol X to represent a term which is non-zero. The vanishing of Q (2) "disconnects" the lower (infinite) portion of these equations from the upper (finite) portion.
There arc now two possible ways in which to satisfy these equations with Q(2) = 0.
1. For a nontrivial solution to the lower (infinite) portion, the (disconnected, infinite) determinant must vanish. Since this determinant is identical for both the a's and b's, coexistence is present and the associate([ tongues do not occur. In this case the upper portion of the determinant will not vanish in general, and the coefficients ao, a2, a4, b2 and b4 will not be zero. 12) becomes disconnected from the rest of the infinite determinant, which is itself identical to the infinite determinant of Eq.(13). From this we can conclude that c = 0 is a transition curves and all the even tongues disappear Because P(m) does not have integer roots, we can also conclude that the system has an infinite number of odd tongues.
Some other examples of systems exhibiting coexistence are given in [9] , [5] , [2] , [10] and [7] .
DERIVATION OF DIFFERENTIAL EQUATION
Ill this section we derive Eq.(l) from a model proposed by Cnsumano [l ] . In his thesis, Cusumano [1] studied the dynamics of a thin elastica. He showed that complicated dynamics result and that a mode of vibration exists which involves both bending and torsional modes. Fig.2 shows some of the modes of vibration of a thin elastica. To get a better understanding of the dynamics, Cusumano [1 ] examined the simplified two degree of freedom model shown in Fig.3 .
In the simplified modcl, the rotational motion due to coordinate ql is associated with the torsional motion of the elastica and the rectilinear deflection due to q2 is associated with the bending motion. Pak et al [4] investigated thc different modes of vibration for the system in Fig.3 . They found that the stability of the bending mode is governed by an equation of the form of Eq.(1) with c( = 0.
We consider a system similar to the one shown in Fig.3 except with a nonlinear torsional spring. Instead of using a linear force-displacement relation as in 
Applying Lagrange's equations to Eq.(26) gives the equations of motion: 
We use the following nonlinear force-displacement relation with an additional quadratic terln:
If we set k12 = 0 and kl~ = kl, we get back the system in Fig.3 .
Note that the result of adding the quadratic term is to add some asylnmetry in the torsional spring. Much of the derivation p,esented here follows the paper by Pak et al [4] . We begin by writing the kinetic and potential energies for the system:
.J ,)~ 
y = A s i n t + F 3? f~
where/, is a small parameter. The factor/,37 in Eqs. (30) 1 -~ cos 2t) 5i + a sin 2t .~ -I-cx + e~: 2 = 0
DERIVATION OF COEXISTENCE CURVE
We obtain a series expansion for small e of the curve of coexisting t;olutions emanating out o f c = 4 in Eq.(1) when o~ = 0. The system exhibits coexistence for tile even resonance tongues so the curves of coexisting solutions can be computed from the infinite determinant for b~v~,, (Eq.(7)). We start by taking a finite 
EFFECT OF A QUADRATIC NONLINEARITY
We use tile method of averaging to investigate the effect of the quadratic nonlinearity in Eq.(1). For more on the method of averaging see Rand [8] , [6] . First, note that o~ can be rescaled out of Eq.(1). We assume (x > 0, so without loss of generality WE set o: = 1. From our results for o~ = O, we know that the Eq.(l) exhibits coexistence and the tongues of instability that emanate out o f c = n 2 fbl n Even vanish. To pertnrb offa resonance where coexistence occurs, we set: 
Eqs. (44), (45) For c2 < -4 9 / 1 2 0 , the origin is the only equilbrium point. A pair of equilibria are created when c2 = -4 9 / 1 2 0 and for -4 9 / 1 2 0 < c2 < -1 7 there arc two nontrivial equilibria with = 0. At c2 = -1 7 , one of the nontrivial equilibria goes through the origin (recall that the origin is always an equilibrium point) and ~ for that equilibria changes from ~ = 0 to ~ = n. For c2 > --1/3, there is one nontrivial equilibria with ~ = 0 and one with ~t I = n.
To investigate the nature of the bifurcations, it is more convenient to look at the slow-flow equations in cartesian coordinates. Transforming to cartesian coordinates u = Rcos~, v = -R sin~, Eqs. For c2 < -4 9 / 1 2 0 , the only equilibria is the origin which is a center. At c2 = -4 9 / 1 2 0 , a saddle-center bifnrcation occurs where a saddle and a center are created. As c2 approaches the value c2 = -1 / 3 , the region of stability around the origin gets smaller as the saddle created in the saddle-center bifurcation moves toward the center at the origin. At the critical value c2 = --1/3, the saddle coalesces with the origin and this equilibrium point at the origin is degenerate and unstable. Fig.10 shows a blow-up of the invariant curves around the origin when c2 = -1 L As c2 increases and goes through c2 = -1 7 , the saddle moves through the origin and the saddle and center created in the saddle-center bifurcation are now on opposite sides of the origin which remains a center. As c2 further increases, the nontrivial equilibria move farther away fi'om the origin.
As c2 approaches the value c2 = -1~ from either side, the region of stability around the origin gets smaller as a saddle and center come together. The value c2 = -1 ~ corresponds to coexistence. Linear stability analysis predicts that the origin is stable along the curve of coexisting solutions. However, we have just demonstrated that nonlinear terms can make the origin (nonlinearly) unstable.
CONCLUSIONS
We have found that nonlinear terms can affect the stability of the origin in parametrically excited systems which exhibit coexistence. A physical example of where this may occur is in a simplified two degree of freedom model for a thin elastica.
In the example we looked at, adding a quadratic nonlinearity to the system that exhibits coexistence makes tile origin a degenerate equilibrium point in the slow-flow for parameter values where the linearization predicts coexisting solutions. For these parameter values, the origin is unstable, contrary to predictions made by linear theory. In our bifnrcation analysis of the slow-flow, wc have found that for c2 > -4 9 / 1 2 0 the system has a pair of non-trivial equilibria except in the special case when we are on the coexistence curve (c2 = -1 / 3 ) . The non-trivial equilibria in tile slow-flow correspond to periodic motions in the original equation and periodic motions in tile slow-flow correspond to quasi-periodic motions in the original equation. Note that the origin in the slowflow is still the origin in the original equation (although we could >i . , Invariant curves for c2 = --1~ near the origin also think of the origin as a periodic motion because the original equation is non-autonomous).
In tile original equation, the origin is stable and surrounded by a continuous family of quasi-periodic motions except on the coexistence curve (c2 = -1~) where the system is degenerate. The non-trivial center in the slow-flow corresponds to a stable periodic motion in the original equation. This stable periodic motion is created with a non-zero amplitude and continues to grow in amplitude as c2 is increased. The stable periodic motion is also surrounded by a continuous family of quasi-periodic motions. The non-trivial saddle in the slow-flow corresponds to an unstable periodic motion in the original equation. The stable and unstable manifolds of this unstable periodic motion separate regions of different continuous families of quasi-periodic motions.
The exception is on the coexistence curve where the saddle and the origin coalesce.
